Abstract. In this paper we present a systematic study of shadowing properties with average error in tracing such as (asymptotic) average shadowing, d-shadowing, d-shadowing and almost specification. As the main tools we provide a few equivalent characterizations of the average shadowing property, which also partly apply to other notions of shadowing. We prove that almost specification on the whole space induces this property on the measure center. Next, we show that always (e.g. without assumption that the map is onto) almost specification implies asymptotic average shadowing, which in turn implies the average shadowing property and consequently also d-shadowing and d-shadowing. Finally, we study connections among sensitivity, transitivity, equicontinuity and (average) shadowing.
Introduction
The theory of shadowing provides tools for fitting real trajectories nearby to approximate trajectories. The motivation comes from computer simulations, where we always have a numerical error when calculating a trajectory, no matter how small, but at the same time we want to be sure that what we see on the computer screen is a good approximation of the genuine orbit of the system. It is a classical notion, which originated from works of Anosov, Bowen and others (see [26] for historical remarks and more recent advances). Lately, some equivalent conditions for expansive homeomorphisms having the shadowing property are obtained, e.g. see [18, 20, 26, 29, 30] . For example, Lee and Sakai compared various shadowing properties for (positively) expansive maps in [20, 29, 30] and proved that the continuous shadowing property, the Lipschitz shadowing property, the limit shadowing property and the strong shadowing property are all equivalent to the (usual) shadowing property for expansive homeomorphisms on compact metric spaces (see also [18] ).
But it is also easy to imagine situations where we cannot provide an exact bound for the error in each step of computing the orbit; however, we can ensure that the average error in the long run is small. This was the motivation of Blank, who introduced the notion of the average shadowing property (see [4, 5] ) and proved that f | Λ has the average shadowing property provided that Λ is a basic set of a diffeomorphism f satisfying Axiom A. First examples of dynamical systems with the average shadowing property were obtained on manifolds in the class of diffeomorphisms [4, 28] (and their random perturbations), although this property is much more common. By results recently published in [16, 17] , the average shadowing property is present in all mixing interval maps, mixing sofic shifts and all β-shifts (symbolic descriptions of β-transformations). In fact, all these systems have the so-called almost specification property, which is a generalization of Bowen's specification property in terms of average tracing. This concept was introduced by Pfister and Sullivan [25] , and then extended and studied by Climenhaga and Thompson [8] and many others (e.g. see also [7, 32, 34] or [23] ). The asymptotic average shadowing property was introduced by Gu [14] , which followed the same framework as Blank in [4] , but with the limit shadowing property in place of the shadowing property as the starting point for generalization. Meanwhile, he showed that every surjective dynamical system with asymptotic average shadowing is chain transitive and every L-hyperbolic homeomorphism with asymptotic average shadowing is topologically transitive. Then, Honary and Bahabadi [15] proved that for a dynamical system (X, f ), if the chain recurrent set R(f ) has more than one chain component, then f does not have the asymptotic average shadowing property and that R(f ) is the single attractor for f provided that f has the asymptotic average shadowing property.
In some sense, parallel approach to average tracing was initiated in [9] (see also [10] ), where the authors introduced the concept of partial shadowing. This concept was further developed in [24] . The main idea is to use Furstenberg families to specify the minimal requirements on the set of iterations, where a proper ε-tracing takes place. In [24] , it was also observed that some particular cases of this kind of shadowing can be induced by the average shadowing property.
The present work is inspired by the concepts and results from the papers mentioned above and is organized as follows. First, we review some standard notions to be used in the paper. In Section 3, we analyze basic properties of M α and M α -shadowing properties (see Definition 2.3), which are generalizations of d-shadowing and d-shadowing considered in [9] and are special types of F -shadowing from [24] . In this section we prove that both M α and M α -shadowing properties are preserved by higher iterations of the map (see Theorem 3.6), which also shows that every surjective dynamical system with d-shadowing is chain mixing (see Corollary 3.8) .
We focus on some natural problems form [19] , which shows that the almost specification property implies asymptotic average shadowing, consequently implies average shadowing, provided that the dynamical system is surjective (or even chain mixing). It is also proved in [19] that if a dynamical system has the average shadowing property, asymptotic average shadowing property or almost specification property, when restricted at the measure center, then it also satisfies the respective property on the whole space. Then [19, Question 10.1] asks if the converse is true and the authors also mention that if the answer is positive then the assumption of surjection can be removed when proving implications between these properties.
In the present paper, we provide only a partial answer to [19, Question 10.1] . However, we prove that the assumption of surjection is not essential, that is, the first result mentioned above holds also in the general case. Precisely speaking, in Theorem 4.1 we show that the asymptotic average shadowing property implies a property which we call weak asymptotic average shadowing property. Then, in Section 5, we show that the weak asymptotic average shadowing property in fact coincides with the average shadowing property, and that it can be equivalently characterized in the language of the M α -shadowing property (see Theorem 5.5).
Theorem 6.2 indicates that if A is a closed invariant set containing the measure center then the M α -shadowing property of (A, f | A ) guarantees the same property for (X, f ). Theorem 6.7 shows that the almost specification property of (X, f ) implies almost specification of (A, f | A ), answering (partly) [19, Question 10.1] . In particular, this implies (by results of [19] ) that the almost specification property always implies the asymptotic average shadowing property (it does not matter if f is surjective or not).
The paper ends with Section 7, where we prove that d-shadowing and d-shadowing properties are strongly related with transitivity and sensitivity. In particular, there are no interesting equicontinuous examples of systems with these properties. It is also worth recalling at this point that the usual version of the shadowing property is present in all equicontinuous systems on any totally disconnected space.
Preliminaries
The set of real numbers, integers, natural numbers and nonnegative integers are denoted, respectively, by R, Z, N = Z ∩ (0, +∞) and N 0 = N ∪ {0}. If A is a set, then its complement is denoted A c and its closure A. Cardinality of a set A is denoted |A|. If A ⊂ N 0 and j ∈ N 0 then the standard notation will be used
Clearly, for any choice of sets A 1 , . . . , A n ⊂ N 0 , any n ∈ N and any k ∈ N 0 , (2.1)
A set A ⊂ N 0 is syndetic if it has bounded gaps, i.e., if there is k > 0 such that
The family of all syndetic sets is denoted F s .
Topological dynamics.
A dynamical system is a pair (X, f ) consisting of a compact metric space (X, d) and a continuous map f : X −→ X. A dynamical system (Y, g) is a factor of (X, f ) if there is a continuous surjection π :
A set M ⊂ X is minimal if it does not have closed, nonempty and invariant subsets other than itself. The set of minimal points (elements of minimal sets) in
For any open sets U, V , define the set of transfer times by N f (U, V ) = {n ∈ N 0 : f n (U )∩V = ∅}. Similarly, for any x ∈ X, let N f (x, V ) = {n ∈ N 0 : f n (x)∩V = ∅}. When the map f is clear from the context, we simply write N (U, V ) and N (x, V ).
The orbit of x ∈ X is the set {f n (x) : n ∈ N 0 }. We say that f is minimal if the orbit of every point x ∈ X is dense in X. It is easy to see that f is minimal if and only if X has no proper, nonempty, closed invariant subset. The map f is transitive (resp. syndetically transitive) if, for any pair of nonempty open subsets * , AND GUANRONG CHEN U, V ⊂ X, N f (U, V ) = ∅ (resp., N f (U, V ) ∈ F s ). We say that f is totally transitive if f n is transitive for all n ∈ N. The map f is weakly mixing if f × f is transitive on X × X.
The map f is equicontinuous if, for any ε > 0, there exists a δ > 0 such that for all x, y ∈ X with d(x, y) < δ and all n ∈ N 0 , d(f n (x), f n (y)) < ε. For U ⊂ X and δ > 0, denote
The map f is sensitive (resp. syndetically sensitive) if there exists δ > 0 such that for every nonempty open subset
Let M (X) denote the space of all Borel probability measures on X. A measure µ ∈ M (X) is invariant for f : X −→ X if µ(A) = µ(f −1 (A)) for any Borel set A ⊂ X. The classical Krylov-Bogolyubov theorem implies that every compact dynamical system (X, f ) has at least one such measure.
A subset A ⊂ X is measure saturated if, for every open set U satisfying U ∩A = ∅, there exists an invariant measure µ such that µ(U ) > 0. The measure center of f is the largest measure saturated subset.
Average tracing of approximate trajectories. Let {x
When the map f is clear from the context, we simply write Λ(
. Similarly, we use the following simplified notation (for both Λ and Λ c ):
Finally, we will denote finite blocks in the above sets by
We use the above notions of approximate trajectories to define three main shadowing properties of the paper. is ε-shadowed on average by a point z ∈ X, i.e. lim sup
(2) the asymptotic average shadowing property (abbrev. AASP) if every asymptotic average pseudo-orbit {x i } ∞ i=0 is asymptotically shadowed on average by a point z ∈ X, i.e.
the weak asymptotic average shadowing property if, for any ε > 0 and any asymptotic average pseudo-orbit {x i } ∞ i=0 , there exists z ∈ X such that lim sup
A δ-chain from x to y is a finite δ-pseudo-orbit between these points, that is, a sequence x 1 , . . . , x n+1 such that d(f (x i ), x i+1 ) < δ for all i = 1, . . . , n, and x 1 = x, x n+1 = y. A map is chain transitive if, for any δ > 0 and any two points x, y ∈ X there is a δ-chain from x to y. Chain transitivity is a natural generalization of transitivity. It is clear that if a map is chain transitive then it must be surjective as well. There is a surprising result [27] which shows that chains do not distinguish between totall transitivity and mixing. Precisely speaking, if (X, f n ) is chain transitive for all n > 0 then it is chain mixing, that is, for any x, y ∈ X and δ > 0 there is N > 0 such that there is a δ-chain from x to y consisting of exactly n elements for every n > N .
Furstenberg families and tracing.
A (Furstenberg) family F is a collection of subsets of N 0 which is upwards hereditary, that is
The dual family of F is
A set A ⊂ N 0 is syndetic if it has bounded gaps, i.e. there is k > 0 such that A ∩ [i, i + k) = ∅ for all i ≥ 0 and thick if it belongs to the dual family F t = F * s . Note that a set is thick if it contains arbitrarily long block of consecutive integers.
For any A ⊂ N 0 , the upper density of A is defined by 
Definition 2.3.
A dynamical system (X, f ) has (ergodic) F -shadowing property if, for any ε > 0 there is δ > 0 such that every δ-ergodic pseudo-orbit ξ is F -ε-shadowed by some point z ∈ X, i.e.
In the special case of F =M 1 (resp., F = M 0 and M 1/2 ), we say that (X, f ) has the ergodic shadowing property (resp., d-shadowing property and d-shadowing property).
2.4. The (almost) specification property. The specification property was first introduced by Bowen [6] . It is one of the strongest mixing properties that can be expected from a dynamical system. A dynamical system (X, f ) has the strong specification property, if for any ε > 0 there is a positive integer M such that for any integer s ≥ 2, any set {y 1 , . . . , y s } of s points in X, and any sequence 0 = j 1 ≤ k 1 < j 2 ≤ k 2 < · · · < j s ≤ k s of 2s integers satisfying j m+1 − k m ≥ M for m = 1, . . . , s − 1, we can find a point x ∈ X such that for each positive integer m ≤ s and all integers i satisfying j m ≤ i ≤ k m , the following conditions hold:
If the only guaranteed condition is (2.4) (but not necessarily (2.5)), then we say that (X, f ) has the specification property.
Recently, Pfister and Sullivan introduced in [25] a property called the g-almost product property, which generalizes Bowen's specification in terms of average tracing. Inspired by [25] , Thompson in [32] modified slightly this definition and proposed to call it the almost specification property, which in turn generalizes the notion of specification. In this paper, we adopt the concepts of [32] . First, we introduce some auxiliary notation.
Given a mistake function g, if ε > ε 0 , then we define g(n, ε) = g(n, ε 0 ). For n sufficiently large satisfying g(n, ε) < n, we define the set of (g; n, ε) almost full subsets of {0, . . . , n − 1} as the family I(g; n, ε) consisting of subsets of {0, 1, . . . , n − 1} with at least n − g(n, ε) elements, that is,
For a finite set of indices A ⊂ {0, 1, . . . , n − 1}, we define the Bowen distance between x, y ∈ X along A by d A (x, y) = max{d(f j (x), f j (y)) : j ∈ A} and the Bowen ball (of radius ε centered at x ∈ X) along A by B A (x, ε) = {y ∈ X : d A (x, y) < ε}. When g is a mistake function and (n, ε) is such that g(n, ε) < n, we define for x ∈ X a (g; n, ε)-Bowen ball of radius ε, center x, and length n by
Using the above notation, we are able to present the definition of the almost specification property.
Definition 2.4.
A dynamical system (X, f ) has the almost specification property if there exists a mistake function g and a function k g : (0, ∞) −→ N such that for any m ≥ 1, any ε 1 , . . . , ε m > 0, any points x 1 , . . . , x m ∈ X, and any integers n 1 ≥ k g (ε 1 ), . . . , n m ≥ k g (ε m ) setting n 0 = 0 and
one can find a point z ∈ X such that for every j = 1, . . . , m,
In other words, the appropriate part of the orbit of z, ε j -traces with at most g(ε j , n j ), mistakes the orbit of x j , j = 1, . . . , m.
M α and M α -shadowing properties
In this section, we prove that both M α and M α are preserved under iterations. As a corollary, we show that d-shadowing implies chain mixing under the assumption of surjection.
The following proposition has a simple proof, which we leave to the reader.
) then f has M α -shadowing property or M α -shadowing property for some α ∈ [0, 1), if and only if g does so.
Lemma 3.2. Let (X, f ) be a dynamical system and α ∈ [0, 1). If f has the M α -shadowing property, then f k has the M α -shadowing property for any k ∈ N.
Proof. Given any fixed ε > 0, the uniform continuity of f implies that there exists γ ∈ (0, ε/4) such that, for all x, y ∈ X,
There exists δ ∈ (0, γ) such that every δ-ergodic pseudo-orbit of f is M α -γ-shadowed by some point in X.
Fix any δ-ergodic pseudo-orbit {e i } ∞ i=0 of f k , and let
It suffices to show that
Suppose on the contrary that (3.3) does not hold. Then
For any fixed Q ∈ N, we can find N Q ∈ N such that for any n ≥ N Q ,
By the definition of δ-ergodic pseudo-orbit, we have
Combining this with (2.2) and (3.4), it follows that lim inf
For each n > M Q , denote
Observe that if i ∈ Ω n then for each 1 ≤ j < k we have
This together with (5.1) implies that if we fix any n > M Q , any i ∈ Ω n and any 1 ≤ j < k, then
This implies that, for any m ≥ kM Q and s ≥ M Q such that sk ≤ m < (s + 1)k, the following condition holds:
This immediately implies that lim inf
which, since Q can be arbitrarily large, implies that lim inf
As a consequence of the above observations, we obtain that lim sup
which contradicts (3.2). Thus, (3.3) holds, which completes the proof. Lemma 3.3. Let (X, f ) be a dynamical system and α ∈ [0, 1). If f k has the M α -shadowing property for some k ∈ N, then f has the M α -shadowing property.
Proof. Since f is uniformly continuous, for any ε > 0 we can find γ
Map f k has the M α -shadowing property, so there exists δ ∈ (0, γ/4) such that every δ-ergodic pseudo-orbit of f k is M α -γ/4-shadowed by a point in X. Similarly, we can find
, f, δ ′ )| = 1 and it is also easy to see that for any j ∈ {0, . . . , k},
By (2.2), we obtain that lim n→∞
′ for all j = 0, . . . , k, and so, by the choice of δ ′ , we immediately obtain that
is a δ-ergodic pseudo-orbit of f k , and consequently, there exists z ∈ X such that lim sup
In particular, there exist ξ > α and a strictly increasing sequence {n l } ∞ l=1 ⊂ N such that for any l ∈ N the following condition holds:
For l ∈ N, define
The above definition can be written as
Then, by the choice of γ, we obtain that d(f j+i (z), x j+i ) < ε for all i = 0, . . . , k − 1 and, as a direct consequence, we obtain that
Combining (3.7),(3.8) and (2.2), we get that for any 0 ≤ i < k,
Clearly, (Q n l + s) ∩ (Q n l + t) = ∅ for all 0 ≤ s < t < k; hence, applying (3.9) yields lim sup
Indeed, (X, f ) has the M α -shadowing property. The proof is finished.
Slightly modifying the proofs of Lemma 3.2 and Lemma 3.3, we can prove the following two Lemmas.
Lemma 3.4. Let (X, f ) be a dynamical system and α ∈ [0, 1). If f has the M α -shadowing property, then f k has the M α -shadowing property for any k ∈ N.
Lemma 3.5. Let (X, f ) be a dynamical system and α ∈ [0, 1). If f k has the M α -shadowing property for some k ∈ N, then f has the M α -shadowing property.
Combining together Lemmas 3.2-3.5, we obtain the following result. Theorem 3.6. Let (X, f ) be a dynamical system and α ∈ [0, 1). Then the following statements are equivalent:
(1) f has the M α -shadowing property (resp., M α -shadowing property); (2) f k has the M α -shadowing property (resp., M α -shadowing property) for any k ∈ N; (3) f k has the M α -shadowing property (resp., M α -shadowing property) for some k ∈ N.
Corollary 3.7. For a dynamical system (X, f ), the following statements are equivalent:
(1) f has the d-shadowing property (resp., d-shadowing property); (2) f k has the d-shadowing property (resp., d-shadowing property) for any k ∈ N; (3) f k has the d-shadowing property (resp., d-shadowing property) for some k ∈ N.
Corollary 3.8. Let f : X −→ X be a surjection. If (X, f ) has the d-shadowing property, then it is chain mixing.
Proof. Dynamical system (X, f n ) is chain transitive for every n ≥ 1, by [9, Theorem 2.2] and Corollary 3.7. So it is chain mixing by [27, Corollary 12] .
Example 3.9. Let X = {a 1 , a 2 } be any two distinct points with the discrete metric d and let f : X −→ X be the identity map. It is easy to see that for every sequence
, f, ε)) ≥ 1/2 holds for any ε > 0. This means that f has the M α -shadowing property for any α ∈ [0, 1/2). However, it is clear that f is not chain mixing. * , AND GUANRONG CHEN Remark 3.10. Example 3.9 shows that, in general, the M α -shadowing property does not imply chain mxing when α ∈ [0, 1/2). By Corollary 3.8, however, the M α -shadowing property implies chain mixing, provided that f is surjective and α ∈ [1/2, 1) .
AASP implies ASP
The aim of this section is to prove that the average shadowing property is a consequence of the asymptotic average shadowing property. The result works for general cases (no assumption that the map is onto, see [19, Theorem 3.7] ).
Theorem 4.1. If a dynamical system (X, f ) has the weak asymptotic average shadowing property, then it also has the average shadowing property.
Proof. Suppose that f does not have the average shadowing property. Then, there exists ε > 0 such that for any k ∈ N, there exists a 1/k-average-pseudo-orbit
which is not ε-shadowed on average by any point in X, i.e.,
Now, we construct an asymptotic average pseudo-orbit ξ which is not ε/2-shadowed on average by any point in X. For every k ∈ N, the sequence β (k) is a 1/k-average-pseudo-orbit; hence, there exists N k ∈ N such that for all integers n ≥ N k and i ≥ 0,
Clearly, we may assume that {N k } ∞ k=1 is a strictly increasing sequence. Put m 1 = 2 N2 and define inductively a sequence m 2 , m 3 , . . . in the following way. Suppose that we have already defined m n for some n ≥ 1. Observe that by (4.1), for any z ∈ X and any k, N > 0 there exist l > N and η > 0 such that if d(z, y) < η
In particular, by compactness of X there exist k n+1 ∈ N and positive integers
such that for any z ∈ X there exists 1 ≤ i ≤ k n+1 such that
.
And consider the sequence
We claim that ξ is an asymptotic average pseudo-orbit of f . Denote M 0 = 0 and for n > 0 put
Mn . Similarly M n ≥ 2 Nn+1 > N n+1 . Fix an n > 0 and an integer j ∈ [M n , M n+1 ). By the definition of ξ we obtain
Note that
Additionally, observe that if j ≤ M n + N n+1 then
and in the second case of j > M n + N n+1 , by the choice of N n+1 we immediately obtain that
We have just proved that lim j→∞
, ξ i+1 ) = 0, so indeed ξ is an asymptotic average pseudo-orbit and the claim holds.
Fix z ∈ X. By (4.3), for any n ∈ N and point f Mn (z) we can select 1
Therefore, lim sup
This means that ξ is not ε/2-shadowed on average by any point in X. Hence, f does not have the weak average shadowing property.
Theorem 4.2. If a dynamical system (X, f ) has the asymptotic average shadowing property, then it also has the average shadowing property.
Proof. It directly follows from the definition that the asymptotic average shadowing property implies the weak asymptotic average shadowing property, hence the result immediately follows by Theorem 4.1.
Careful readers can check that a slight change in the proof of Theorem 4.1 leads to the following theorem. Theorem 4.3. If a dynamical system (X, f ) has the weak asymptotic average shadowing property, then for any ε > 0, there exists δ > 0 such that every δ-asymptoticaverage-pseudo-orbit is ε-shadowed on average by some point in X.
Further studies on the M α -shadowing property and ASP
In this section, we continue our investigation of the M α -shadowing property, and as a byproduct also the average shadowing property. Recently, it was proved in [24, Theorem 5] that for a surjection, the average shadowing property implies the d-shadowing property and the authors also provided an example [24, Example 20] showing that this implication can not be reversed.
In what follows, we provide a few equivalent conditions to the M α -shadowing property (see Theorem 5.5), which will reveal the reasons why [24, Theorem 5] actually holds and why there is no chance for reverse implication. It was proved in [19, Theorem 3.6] that, under the assumption of chain mixing, the average shadowing property is all about average shadowing of pseudo-orbits.
Wherever we cannot guarantee chain mixing, the situation is more complex. Still, Theorem 5.5 allows us to pass from average pseudo-orbits to asymptotic average pseudo-orbits shadowed with the spatial scale (Theorem 5.5 (3)) or ergodic pseudoorbits shadowed with the time scale (Theorem 5.5 (2)). With this tool at hand, we are able to characterize the average shadowing property equivalently from both space (weak asymptotic average shadowing property) and time (M α -shadowing property) perspectives.
Before we prove the main results of this section, we need the following.
Lemma 5.1. Let (X, f ) be a dynamical system. Then, for any δ > 0 and any δ/2-ergodic pseudo-orbit {x i } ∞ i=0 of f , there exists a δ-average-pseudo-orbit
Proof. Fix a δ > 0 and a δ/2-ergodic pseudo-orbit {x i } ∞ i=0 . Take any sufficiently large positive integer N to ensure that 4 diam X/N < δ/2. If there is n > 0 such that {x i } ∞ i=n is a δ/2-pseudo orbit then clearly {x i } ∞ i=0 is a δ-average-pseudo-orbit and there is nothing to prove. Hence, assume that Λ c ({x i } ∞ i=0 , δ/2) is infinite and let
be a strictly increasing sequence such that Λ c ({x i } ∞ i=0 , δ/2) = {n i : i ≥ 1}. We put k 1 = n 1 and inductively define a sequence
It is not hard to verify that the following conditions are satisfied:
Let {y i } ∞ i=0 be a sequence defined by
and denote (for integers k ≥ 0, n > 0)
Observe that |A n k | ≤ 2 n N + 1 . We claim that {y i } ∞ i=0 is a δ-average-pseudo-orbit. To prove the claim, fix an n ≥ N and a k ≥ 0. First, observe that if
and hence
This proves the claim and ends the proof at the same time, since {i ∈ N : x i = y i } ⊂ K . Theorem 5.2. Let (X, f ) be a dynamical system and α ∈ [0, 1). The following statements are equivalent:
(1) (X, f ) has the M α -shadowing property; (2) for every ε > 0 and every asymptotic average pseudo-orbit {x i } ∞ i=0 of f , there exists z ∈ X such that {x i } ∞ i=0 is M α -ε-shadowed by z; (3) for every ε > 0, there exists δ > 0 such that every δ-average-pseudo-orbit of f is M α -ε-shadowed by some point in X; (4) for every ε > 0, there exists δ > 0 such that every δ-asymptotic-averagepseudo-orbit of f is M α -ε-shadowed by some point in X.
Proof. Clearly every asymptotic average pseudo-orbit is δ-ergodic pseudo-orbit for any δ > 0 and every δ-average-pseudo-orbit is a 2δ-asymptotic-average-pseudoorbit, hence (1) =⇒ (2) and (4) =⇒ (3). By Lemma 5.1, we obtain (3) =⇒ (1). First, we show (2) =⇒ (1). Suppose on the contrary that f does not have the M α -shadowing property. Then, there exists ε > 0 such that for any k ∈ N, there exists a 1/2k-ergodic pseudo-orbit {β
which is not M α -ε-shadowed by any point in X. By Lemma 5.1, for any k > 0 there exists a 1/k-average-pseudo-orbit {λ
Repeating the argument in the proof of Theorem 4.1, we can find an increasing sequence {l n } ∞ n=1 such that if we denote L n = n j=1 (l j + 1) then the following conditions are satisfied:
Ln , +∞ such that for any z ∈ X, there exists 1
kn ; (iii) sequence
is an asymptotic average pseudo-orbit.
Fix a z ∈ X and an n ≥ 2. There exists
Using all the above calculations, we obtain that lim sup
As a consequence, we obtain that lim inf
But z was arbitrary, hence there is no point z ∈ X satisfying (2) with respect to the asymptotic average pseudo-orbit
. This is a contradiction. Second, to prove (1) =⇒ (3) suppose that there exists ε > 0 such that for any k ∈ N, there exists a 1/k-average-pseudo-orbit of f which is not M α -ε-shadowed by any point in X. Repeating the argument in the proof of (2) =⇒ (1), we see that there exists an asymptotic average pseudo-orbit ξ = {ξ i } ∞ i=0 of f which is not M α -ε/2-shadowed by any point in X. This contradicts assumption (1) as ξ is also a δ-ergodic pseudo-orbit for any δ > 0.
Finally, similarly to the proof of (1) =⇒ (3), it is not difficult to prove that (1) =⇒ (4). Lemma 5.3. If a dynamical system (X, f ) has the average shadowing property, then it also has the M α -shadowing property for every α ∈ [0, 1).
Proof. Fix an α ∈ [0, 1), an ε > 0 and denote γ = (1 − α)ε. There exists δ > 0 such that every δ-average-pseudo-orbit is γ-shadowed on average by some point in X. Fix a δ/2-ergodic pseudo-orbit {x i } ∞ i=0 and let {y i } ∞ i=0 be a δ-average-pseudo-orbit provided by Lemma 5.1. Then, by the average shadowing property of f , there exists z ∈ X such that
This immediately implies that lim inf 
Therefore, every δ/2-ergodic pseudo-orbit is M α -ε-shadowed by a point in X. But ε was arbitrary, so indeed f has the M α -shadowing property.
Lemma 5.4. If a dynamical system (X, f ) has the M α -shadowing property for every α ∈ [0, 1), then (X, f ) has the average shadowing property.
Proof. Suppose on the contrary that (X, f ) does not have the average shadowing property. Applying Theorem 4.1 implies that there exist ε > 0 and an asymptotic average pseudo-orbit , ε/4)| ≤ 1 − α, which leads to the following:
Now, combining (5.1) with the fact that d(K ) = 0 we obtain that
which is impossible since ε > 0. The proof is completed.
Theorem 5.5. Let (X, f ) be a dynamical system. Then the following statements are equivalent:
(1) f has the average shadowing property; (2) f has the M α -shadowing property for every α ∈ [0, 1); (3) f has the weak asymptotic average shadowing property; (4) for any α ∈ [0, 1), any ε > 0 and any asymptotic average pseudo-orbit
is M α -ε-shadowed by z; (5) for any α ∈ [0, 1) and any ε > 0, there exists δ > 0 such that every δ-average-pseudo-orbit of f is M α -ε-shadowed by some point in X; (6) for any ε > 0, there exists δ > 0 such that every δ-asymptotic-averagepseudo-orbit is ε-shadowed on average by some point in X.
Proof. As a consequence of Theorem 4.1, Theorem 4, Theorem 5.2, Lemma 5.3 and Lemma 5.4, we obtain that (6) ⇐= (3) =⇒ (1) and (1) ⇐⇒ (2) ⇐⇒ (4) ⇐⇒ (5).
Since every δ-average-pseudo-orbit is also a 2δ-asymptotic-average-pseudo-orbit, it follows that (6) =⇒ (1). Therefore, we only need to show that (1) =⇒ (3). Fix an ε > 0 and an asymptotic average pseudo-orbit
. The average shadowing property of f implies that there exists δ > 0 such that every δ-averagepseudo-orbit is ε/2-shadowed on average by some point in X.
Clearly,
is a γ-ergodic pseudo-orbit for any γ > 0, in particular for γ = δ/2. Hence, by Lemma 5.1, there exists a δ-average pseudo-orbit {y i } ∞ i=0 such that the set K = {i : x i = y i } has density zero (i.e. d(K ) = 0). By the choice of δ, there is a point z ∈ X such that lim sup
But, similarly to the proof of (5.2), we obtain that lim sup
We have just proved that (X, f ) has the weak average asymptotic shadowing property, and so the proof is finished.
Corollary 5.6. If a dynamical system (X, f ) has the ergodic shadowing property, then it also has the average shadowing property.
Proof. Simply, the familyM 1 is contained in the family M α for any α ∈ [0, 1). Then, the result follows directly by Theorem 5.5.
Clearly, M 0 and M 1/2 are subsets of M 1/2 . Hence, Theorem 5.5 immediately implies the following.
Corollary 5.7. If a dynamical system (X, f ) has the average shadowing property, then it also has the d-shadowing and d-shadowing properties. * , AND GUANRONG CHEN 6. Dynamics on measure center and shadowing 6.1. The M α -shadowing property on the measure center. Motivated by [17, 19] , this section is devoted to proving that the M α -shadowing property of a dynamical system restricted on its measure center can ensure the same dynamical property of the entire system. Lemma 6.1. Let A ⊂ X be a closed invariant set containing the measure center of a compact dynamical system (X, f ). Then, for every asymptotic average pseudoorbit {x i } ∞ i=0 of f , there exists an asymptotic average pseudo-orbit {y i } ∞ i=0 ⊂ A of f | A and a set J ⊂ N 0 with density zero such that lim i / ∈J d(x i , y i ) = 0. Proof. The proof is very technical but has a standard idea, hence we decided only to present how to derive it from existing results. A careful reader should be able to write down a complete proof.
Corollary 2.4 in [19] shows that if a set A contains the measure center of a compact then for any ε > 0 there exists N > 0 such that for any x ∈ X and n < N we have 1 Theorem 6.2. Let A ⊂ X be a closed invariant set containing the measure center of a compact dynamical system (X, f ). If f | A has the M α -shadowing property for some α ∈ [0, 1) on A, then so does f on X.
Proof. For any asymptotic average pseudo-orbit {x i } ∞ i=0 of f and any ε > 0, it follows from Lemma 6.1 that there exists an asymptotic average pseudo-orbit {y i } ∞ i=0 ⊂ A of f | A and a set J ⊂ N 0 with density zero such that lim i / ∈J d(x i , y i ) = 0. This implies that there exists a set J ′ ⊃ J with density zero such that for any
and hence lim inf
It shows that every asymptotic average pseudo-orbit is M α -ε-shadowed by a point in X, and then the result follows by Theorem 5.2.
As an immediate corollary, we obtain the following result which is [19, Theorem 5.5].
Corollary 6.3. Let A ⊂ X be a closed invariant set containing the measure center of a compact dynamical system (X, f ). If f | A has the average shadowing property on A, then so does f on X.
Proof. By Theorem 6.2, for any α ∈ [0, 1), if f | A has the M α -shadowing property then f has the M α -shadowing property. Then, the result follows by Theorem 5.5.
We also obtain the following result, since the d-shadowing property is in fact the M 0 -shadowing property.
Corollary 6.4. Let A ⊂ X be a closed invariant set containing the measure center of a compact dynamical system (X, f ). If f | A has the d-shadowing property on A, then so does f on X.
6.2. The (almost) specification properties and the measure center. To proceed , we need the following important result, which is attributed to Auslander and Ellis (see [11, Theorem 8.7] ).
Lemma 6.5. Let (X, f ) be a dynamical system and fix an x ∈ X. There exists y ∈ M (f ) such that x, y are proximal, i.e. lim inf n→∞ d(f n (x), f n (y)) = 0.
A point x ∈ X is non-wandering if there is a sequence {x n } ∞ n=1 and an increasing sequence of positive integers {k n } ∞ n=1 such that lim n→∞ x n = x and lim n→∞ f kn (x n ) = x. As usual, we denote by Ω(f ) the set of all non-wandering points.
Theorem 6.6. If (X, f ) has the specification property then the following conditions hold:
(
and Ω(f ) is the measure center for f ; (2) f | Ω(f ) has the specification property.
Proof. Fix an ε > 0 and let M be provided by the specification property. Fix any y 1 , . . . , y n ∈ Ω(f ) and any sequence of natural numbers 0
Put a jn+i = pj + a i and b jn+i = pj + b i for j = 0, 1, . . . and i = 1, . . . , n. Fix any 1 ≤ i ≤ n and observe that since y i ∈ Ω(f ) there exists an increasing sequence n k and points z k such that lim k→∞ f n k (z k ) = y i . In particular, passing to a subsequence if necessary, for every j ≥ 0 we can find k such that n k > jp and hence the following point is well defined:
Clearly, f jp (y jn+i ) = y i and since X is compact, we can apply the specification property also to infinite sequences of points and times. Therefore, there is z such that for any 1 ≤ i ≤ n, any j ≥ 0 and any
Directly from definition, we obtain that
By Lemma 6.5, there exists q ′ ∈ M (f ) such that q ′ , z are proximal. In particular, there is j > 0 such that
and observe that for any i = 1, . . . , n and any
This shows that in the definition of specification we can assume that z ∈ M (f ), provided that all the points y i ∈ Ω(f ). This observation has several consequences. First of all, any point in Ω(f ) can be approximated by a point from
, so we immediately obtain that f (Ω(f )) = Ω(f ). Since for any choice of segments of orbits in Ω(f ) the tracing point in X can also belong to Ω(f ), we obtain that f restricted to Ω(f ) has the specification property.
Finally, since the measure center is contained in Ω(f ) and every minimal set is a support of an invariant measure, we obtain that Ω(f ) is the measure center.
Theorem 6.7. Let (X, f ) be a dynamical system and Y be the measure center. Then, (X, f ) has the almost specification property if and only if (Y, f | Y ) has the almost specification property.
Proof. The sufficiency has been proved in [19, Theorem 5.1] . To prove the necessity let us take a mistake function g for f and let k g : (0, ∞) −→ N be the second function from the almost specification property. For any n and ε, denote G(n, ε) = g(n, ε/2). Fix an m ≥ 1, ε 1 , . . . , ε m > 0, points x 1 , . . . , x m ∈ X, and integers n 1 ≥ k g (ε 1 /2), . . . , n m ≥ k g (ε m /2). As usual, set n 0 = 0 and
n s , for j = 1, . . . , m + 1.
Let K = l m and observe that by the almost specification property, for any s there is a point z s such that for any i = 0, . . . , s and any j = 1, . . . , m, we have
In other words, we repeat s-times periodically segments of the orbits of x 1 , . . . , x m and then use tracing provided by almost specification. Without loss of generality, we may assume that there exists z = lim s→∞ z s . By Lemma 6.5, there exists a point y ∈ M (f ) such that lim inf n→∞ d(f n (y), f n (z)) = 0. In particular, if we put ε = min j ε j /2 then there is r such that d(f t (z), f t (y)) < ε for all integers t ∈ [rK, (r + 1)K].
Since I(g; n j , ε j /2) is finite, without loss of generality, we may assume that for any j there is A j ∈ I(g; n j , ε j /2) such that f lj+rK (z s ) ∈ B Aj (g; x j , ε j /2) for any
, hence in the definition of almost specification we may assume that the tracing point comes from M (f ) (simply, we take as the mistake function G and put k G (γ) = k g (γ/2) for γ > 0).
The result follows from the fact that every minimal set is a support of an invariant measure, and so the measure center must contain the set M (f ).
Examples presented in [19] show that it may happen that the map with almost specification is transitive while the measure center is a single point. Hence it is not possible to repeat the statement of Theorem 6.6 in the case of a dynamical system with the almost specification property. Still, we have the following property. there is a point x ∈ X such that d(N (x, V )) = ν(V ) > 0. In particular, there are λ > 0 and K > 0 such that |N (x, V ) ∩ [0, n)| > λn for all n ≥ K. We can increase K to ensure also that g(n, ε) < (1 − λ)n for all n ≥ K. By the technique employed in the proof of Theorem 6.7, there is z ∈ M (f ) such that
and, hence, there is i such that
We have just proved that M (f ) ∩ U = ∅ and hence A ⊂ M (f ). The proof is completed.
Corollary 6.9. If (X, f ) has the almost specification property, then it has the asymptotic average shadowing property.
Proof. By Theorem 6.7, (Y, f | Y ) has the almost specification property. Clearly, f | Y is surjective, hence we may apply [19, Theorem 3.5 ] to obtain that (Y, f | Y ) has the asymptotic average shadowing property. Now, [19, Theorem 5.1] implies that (X, f ) has the asymptotic average shadowing property, and so the proof is completed.
Sensitivity in systems with d-shadowing and d-shadowing properties
In this section, we continue the research of [9] and [14, 16, 22, 24] , proving some consequences of d-shadowing and d-shadowing properties for the dynamics of the systems. Among other things, we show that in most cases these systems are syndetically transitive and syndetically sensitive. 7.1. Syndetic transitivity for systems with the d-shadowing property. This subsection shows that every system with dense minimal points having the d-shadowing property or the d-shadowing property is totally syndetically transitive, which extends Theorem 2.1 and Theorem 2.2 in [22] .
The proof of the following Lemma is straightforward and is left to the reader.
Lemma 7.1. If (X, f ) is a topologically transitive system with a dense set of minimal points, then (X, f ) is totally syndetically transitive.
Theorem 7.2. Let (X, f ) be a dynamical system with a dense set of minimal points. If (X, f ) has the d-shadowing property or the d-shadowing property, then it is totally syndetically transitive.
Proof. First, we present a proof for the case of the d-shadowing property. Given any pair of nonempty open subsets U, V ⊂ X, there exist u ∈ U ∩ M (f ), v ∈ V ∩ M (f ) and ε > 0, such that B(u, 2ε) ⊂ U and B(v, 2ε) ⊂ V . Points u, v are minimal, hence there exists K > 0 such that for any n ∈ N, we have [n, B(v, ε) ). There exists δ > 0 such that for any y, z ∈ X,
7.2. The d-shadowing property and equicontinuity. We now prove that the d-shadowing for surjective systems implies non-equicontinuity. First, we need the following auxiliary Lemma.
Lemma 7.6. If a dynamical system (X, f ) is equicontinuous, has the d-shadowing property or the d-shadowing property, and f is surjective, then (X, f ) is totally transitive.
Proof. We start the proof for the case of the d-shadowing property. Given any pair of nonempty open subsets U, V ⊂ X, pick u ∈ U , v ∈ V and γ > 0 such that B(u, γ) ⊂ U and B(v, γ) ⊂ V . As f is equicontinuous, it follows that there exists ε > 0 such that for any y, z ∈ X,
and then denote A = n∈N A n and B = n∈N B n . Since f is surjective, we can find a sequence
It can be verified that for any δ > 0, the sequence {x i } ∞ i=0 is a δ-ergodic pseudoorbit. Then, we can apply the d-shadowing property of f to obtain x ∈ X such that
, f, ε) infinitely many times. Hence, there are i, j, n i , n j ∈ N such that n i < n j and i ∈ A ni ∩Λ(x, {x i }
which, by (7.1), implies that
Then,
This implies that f L2n j −L2n i (U ) ∩ V = ∅. This shows that (X, f ) is transitive. But all the assumptions of the Theorem are satisfied also by (X, f n ) (see Corollary 3.7), hence the proof is finished.
If (X, f ) has the d-shadowing property then the same proof works, with the only modification of the definition of L n , by putting l 1 = L 1 = 2, l n = 2 l1+···+ln−1 and
Theorem 7.7. If (X, f ) is a nontrivial equicontinuous dynamical system and f is surjective, then f does not have the d-shadowing property.
Proof. Suppose that f has the d-shadowing property. Then, by Lemma 7.6, it is transitive and consequently it follows that f is a minimal homeomorphism (e.g. see [3, Theorem 4] ). Combining this with [9, Theorem 2.8], it follows that (X, f ) is weakly mixing. Clearly, each weakly mixing system is sensitive, except the case when |X| = 1. Both situations are impossible by our assumptions, hence (X, f ) cannot have the d-shadowing property and so the proof is completed.
Remark 7.8. We know, based on the previous results, that AASP =⇒ ASP =⇒ d-shadowing, hence Theorem 7.7 implies that a dynamical system satisfying the conditions of [13, Theorem 3.1] (nontrivial equicontinuous surjective dynamical system with the AASP) is trivial.
7.3.
The d-shadowing property and equicontinuity. It is well known that there are minimal dynamical systems with shadowing (they are exactly the odometers, e.g. see [21] ). It is not the case for ASP for which such situation is impossible, since it was proved in [19] that every dynamical system with ASP and a fully supported measure is weakly mixing. However, since it was recently proved that every topological K-system has d-shadowing (see [24, Theorem 11] ), ASP can also be found within minimal dynamical systems. While we still do not have an answer whether the d-shadowing property can exist in a nontrivial minimal system, we can prove that, similarly to the d-shadowing property, such a system should at least be weakly mixing.
Lemma 7.9. If (X, f ) factors onto a non-trivial equicontinuous minimal system (Y, g), then it does not have the d-shadowing property.
Proof. First, we show that (Y, g) does not have the d-shadowing property. Since every equicontinuous minimal dynamical system is conjugated to an isometry (see [1] ), and the d-shadowing property is preserved by the topological conjugation (see Proposition 3.1), without loss of generality we may assume that (Y, g) is endowed with a metric d such that g is an isometry. Choose two distinct points y, y ′ ∈ Y , and denote ξ = d(y, y ′ ) and δ = ξ/4. It follows from the minimality of (Y, g) that N g (y, B(y ′ , δ)) is syndetic, that is, there exists K ≥ 4 such that (n, n + K] ∩ N g (y, B(y ′ , δ)) = ∅ for all n ≥ 0. Put m 0 = 0 and then take m n = 2n(n+1)K for all integers n ≥ 1. Finally, define inductively an increasing sequence {M n } ∞ n=0 satisfying the following conditions: (i) M 0 = 0; (ii) M n ∈ [m n , m n + K] for all n = 1, 2, . . .; (iii) for every n ≥ 0 there is j ∈ (m n − M n−1 , m n − M n−1 + K] ∩ N g (y, B(y ′ , δ)).
such that M n = M n−1 + j.
The above construction immediately implies that g Mn−Mn−1 (y) ∈ B(y ′ , δ). Denote J = {M 1 , M 2 , . . .} and put A n = [M n , M n+1 ) for n = 0, 1, . . .. Note that m n+2 − m n+1 − K ≥ m n+1 + K − m n and so (7.2) |A n+1 | ≥ |A n | for all n = 0, 1, 2, . . . . for all z ∈ Y . Fix an r ∈ Λ(z, {x i } ∞ i=0 , g, δ) and let n be such that r ∈ A n . Then, x r = g r−Mn (y), which gives d g r (z), g r−Mn (y) < δ.
Therefore, since g is an isometry and r < M n+1 , we also have
Combining this with d y ′ , g Mn+1−Mn (y) < δ, we obtain that d g Mn+1 (z), y ′ < 2δ and hence d g
Consequently, for every j ∈ A n+1 we have
This means that
, g, δ). Thus, for any n ∈ N and any j ∈ A n+2 , we have Corollary 7.13. If a dynamical system (X, f ) has the d-shadowing property or the d-shadowing property, and the minimal points of f are dense in X, and if X has at least two elements, then for every n ∈ N, dynamical system (X, f n ) is syndetically sensitive.
Proof. By Theorem 7.2, (X, f ) is totally syndetically transitive, and when minimal, it is weakly mixing since it has a trivial maximal equicontinuous factor (e.g. see [9, Theorem 2.8] and Theorem 7.10). This together with [31, Proposition 1] implies that (X, f n ) is syndetically sensitive for any n ∈ N. In the later case, (X, f n ) is syndetically sensitive by application of [31, Theorem 1] .
